model is proposed for the quantized accumulation layer based on the union of a two-dimensional electron gas contained in several energy subbands and a three-dimensional electron-gas distributed in a continuum of energy levels. The model is valid for both low and high temperatures and is formulated to allow the incorporation of quantum effects in a simulation based on classical models. It therefore permits the study of the different operation regions of a metal-insulator-semiconductor structure with continuity between them. Equations of the model are detailed as well as the solution procedure. The validity of the model is discussed and results obtained from both the quantum and classical model are compared. Capacitance curves obtained with both models are also compared to experimental ones. 
In an inversion layer, electrons can be treated as a two-dimensional electron gas (2DEG) contained in energy subbands. The positions of the subband minima and the envelope functions in the direction perpendicular to the interface are obtained by solving the Poisson and Schriidinger equations simultaneously. Since the pioneer research by Stern and Howard[ 11, many papers concerning the self-consistent solution of both eauations have been nublished and parallel effective mass in the ith subband electron density research on this subject is still being cairied out [5-91. ionized acceptor-impurity concentration Nevertheless, the case of accumulation layers is more electron density in the continuum complicated since the continuum of electrons in the liquid helium), where the electron density in the semiconductor bulk is almost zero [lO] . Recently, a specific procedure was developed for studying quantum effects in accumulation layers at higher temperatures [ 1 I, 121 . In this procedure a metal-insulator-semiconductor (MIS) structure is put into a box with infinite walls so that even the levels corresponding to the continuum are bound, although if the box is wide enough, these levels have very similar energies.
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Despite the usefulness of these specific procedures, it is desirable for computational purposes to have a more general model in which quantum effects can be incorporated in classical simulations. This model would allow MIS structures to be studied in different operation conditions (accumulation, depletion and inversion) with continuity and would also permit quantum effects even with very low band bendings to be analyzed. This model must converge with classical model near the flat-band and thus make it possible to include quantum effects in situations in which the band bending changes its sign along the interface. A model fulfilling all of these requirements is proposed and analyzed in this paper. The basis of the model presented here is the separation of the electron density in a 2DEG and a continuum. This separation had been previously made in a specific model used for studying the influence of quantization in the Fowler-Nordheim tunnelling current by simply assuming that the well and the barrier are triangular and by considering only one subband and a continuum[l3]. An exact, formulation of the model is given in this paper, allowing the self-consistent solution of the Poisson and SchCdinger equations. These equations are solved with an iterative-Newton scheme which takes the classical solution as a starting point. Once the classical solution has been obtained, quantum effects are added if a potential well is found at the interface.
It is thus possible to analyze situations in which a change of sign in the band bending is produced along the interface. To show the applicability of the method, curves of the surface potential and the capacitance over a wide range of gate voltages are provided below.
minimum, E,,, , are contained in subbands within the potential well while all states with energy higher than Eli,,, are permitted. This region extends from the interface to position z== r'
We have modeled the electron gas as the union of a 2DEG contained in the three lowest subbands, E(O), E(r), .@*I, and a 3DEG that continues to the bulk region perfectly, with a minimum lying at Eli,,, = _@. This model takes into account both the continuum and quantum effects and is valid in a wide range of external voltages.
For small values of the band-bending, such that level Ec3) is not bound, the continuum is assumed to begin at Eli,,, = EC" and the 2DEG is contained in only the ground subband, EC". If the surface potential is negative or is positive but so slightly that E(" is not bound, the classical model is used.
II. MODEL OF THE ACCUMULATION LAYER
In order to incorporate quantum effects in a classical simulation, we have used the model shown in Fig. I . We separated the silicon substrate in two regions:
According to the described model, the charge density in the semiconductor is:
where q is the modulus of the electron charge, NA and NA are the ionized donor and acceptor impurity concentrations, respectively, p is the hole density, and n is the density of electrons. In this model n has been separated according to:
(a) the silicon-bulk region, where the electron gas is three-dimensional and all energies above the conduction band are permitted. This region extends from position z = z, shown in the figure to the rear ohmic contact (2 = L).
where n, is the electron density in the continuum and n, is the density of electrons contained in the subbands. Both densities are detailed below:
The near-interface region, where electrons We distinguish between positions on the right and with a longitudinal energy lower than a on the left of zC, defined in Fig. 1 : -For z > z,, (the silicon-bulk region) the minimum of the continuum coincides with the minimum of the conduction band. The density of electrons contained in the continuum can be written as [14] :
Nc is the effective density of states in the conduction -For z < z, (the near-interface region) the miniband, EF is the Fermi level, E,(z) is the positiondependent minimum of the conduction band, ka is the mum of the continuum is taken to be at Eli,,,. The Boltzmann constant, and T is the temperature. We have used more than one term in the expansion of electron density is:
the Fermi function in eqn (3) in order to extend the validity to a wider range of doping concentrations in the substrate: with C, = 0.3536 and C, = 0.129, the error in using eqn (3) is <OS% for q < 0.12, which would make this expression useful for doping as high as 2 x lOI9 cm-' (except for the effects of bandgap narrowing).
In the conditions of our model, the continuum is not degenerate over a wide range of external biases and doping concentrations, which covers practically all cases of interest. Expression (5) can be approximated (see Appendix) by:
where k, = exp(vB + P. JIs -elirn 1 (8) and 1 -4~&3-10~2+30c+8 (9) qr, is the value of q in the silicon bulk, far from the interface, I//~ is the surface potential, ctim = (Eli, -&&9)/k, T.
(B) Subbands
To obtain the electron density contained in the subbands, nsr we have solved the Poisson and Schrodinger equations self-consistently. Details of this resolution are given in Section III. The Schrodinger equation provides the minima of the subbands, E,, and the envelop functions, &. To obtain the electron concentration in each subband we must integrate the two-dimensional density of states, which is independent of the energy, multiplied by the Fermi-Dirac distribution function [S] . The usual limits of this integration are the minimum of the subband, E,, and E = co, but in our model we have to make a modification: as all the states with energies higher than E,, have been already considered in the continuum, the integration must be performed from Ei to Eli,,, . We obtained the following result for the total electron concentration contained in the subbands:
x In (10) where rnz is the parallel effective mass in the ith subband and gUi is the number of equivalent valleys
We have also included the ionization of the impurities for applying the model at low temperatures corresponding to the ith subband.
and also for taking into account the ionization change in them that can be produced near the interface due to band bending: N,+= Nn 1 + i exp(tlB + $D + By tz)) (11) where t,n = (EC -E,)/k,T is a measure of the depth of the donor level[l4], Nn is the total dopant concentration and Y(z) is the distribution of potential along the structure.
III. SELF-CONSISTENT SOLUTION OF POISSON AND SCHRODINGER EQUATIONS
Once the equations for the charge density were established, we solved the Poisson and Schriidinger equations self-consistently with a non-uniform adaptive mesh by using an iterative-Newton scheme. As our aim was to incorporate quantum effects in a classical simulation, we started from the band bending obtained with a classical model as the first approximation. To obtain the electron concentration contained in the subbands, n,, we solved the Schriidinger equation in the Hartree approximation by considering the actual band bending through the whole structure and the finite height of the barrier at the Si-Si02 interface. Once the new charge density was obtained, we solved the Poisson equation, and with the new value of Y(z), the potential well was obtained and the Schrodinger equation was solved again in order to calculate the new values of n, and n, . These steps were repeated iteratively until the convergence criterium was reached. (The initial classical solution was obtained with the same iterative procedure, taking n, = 0, E,,, = 0, and using an accurate expression for the Fermi integral in all its range, both for the degenerate and non-degenerate cases. The Schriidinger equation was not solved in this case.) Details of the iterative procedure are given below.
The Poisson equation was discretized as:
+@,+I -zi):l,+,_z,_,)+'+~=p' cl*)
where p, and Gj are the charge density and the electric potential, respectively, at z,. By defining vectors for the potential and the charge density, whose components are the values of these magnitudes at the different points of the mesh, eqn (12) can be expressed as:
A.+ =p (13) where A is a three-diagonal matrix whose non-zero components are the coefficients on the left side of eqn (12) . As p(z) depends on $(z), it is necessary to use an iterative method. If r is the iteration index, we define:
and SP ( > 
In the Newton method, the variation given in eqn (15), where the increment is produced in the iteration index, is approximated by a derivative:
This method can be applied when the derivative of p can be calculated analytically. We might even use a numerical evaluation of the derivative, but it is worth noting that, for this to be valid, the increase of p due to an increase of the iteration index, r, for a fixed i, must have the same sign as the increase in p due to an increase in index i for a fixed r. This does not occur in the case of the electron density in the subbands, because it has a maximum and there is therefore a region near the interface where n,(z) is decreasing although $(z) is increasing. In spite of this fact, authors have been interested in solving this drawback [8] in order to use the Newton method due to its advantages in convergence speed. We used the approximation given in eqn (17) only for NA, N,, P and n,, while for n, we made the following approximation:
n,i -n,.,
With eqn (18), quick convergence is achieved but it is necessary to initialize the variation in eqn (15) when r = 1. We did this by solving the Schrddinger equation with the initial potential and with a small variation, thus obtaining n, in both cases and applying eqn (15) directly.
In conclusion, the Poisson equation is reduced to:
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which is also given by a linear system with a threediagonal matrix. The boundary conditions are SJ/ = 0 both in the rear ohmic contact and in the gate, because the potential difference between the two extremes is a constant for each external bias voltage. The charge within the oxide and at the interface is considered fixed during the iterative resolution, although they can be changed once the convergence is reached in order to simulate transient processes.
The Schrodinger equation can be solved by any procedure which uses the z-mesh, for example by discretizing the second derivative of the wave function as in eqn (12) . We used a procedure that consists of approximating the potential between every two points of the mesh by a constant value and solving the Schrodinger equation analytically in this interval. The solution in each interval depends on two constants, which are obtained by matching the solutions in two adjacent intervals through imposing the continuity of the wave function and the probability current as boundary conditions.
IV. RESULTS
We have analyzed an MOS capacitor with an n-type substrate oriented in the direction (100). In this structure, two sets of subbands are obtained, the first one corresponding to the two valleys whose isoenergetic ellipsoids are oriented perpendicularly to the Si-SiO, interface, and the other corresponding to the four valleys whose iso-energetic ellipsoids are parallel to the interface. We refer to the minima of the first set as E,,, E,, Ez, . . , and to the minima of the second as EA, E;, . . The four lowest subband minima are E,,, Eh, E, and E,, so that, unless we had to consider only one subband, $,,, = E,.
The position of the subband minima and Eli, is shown in Fig. 2 in four different cases. The position of these energy levels is shown measured from the bottom of the potential well and divided by the whole well depth and is represented vs the surface potential which is a measure of the well depth. The relative position of the Fermi level is also shown in solid line. Figure 2 (a) corresponds to a doping concentration of Nn = 1Or5 cme3 and T = 300 K. The doping concentration of Fig. 2(b) is the same but T = 77 K. subbands plus a non-degenerate continuum is valid. It can be noted that the Fermi level is always kept at a considerable distance below E,im, although the ground subband (and even the first excited subband at T = 77 K) can become degenerate for high enough values of the band bending. It can also be seen that our procedure permits the position of the subbands to be obtained even for very small values of the surface potential. In the case of the more heavily doped sample and for small values of the well depth, only two levels are bound and electrons in the 2DEG are assumed to be in only one subband [ Fig. 2(d) ], but when the fourth level gets bound, the model with three subbands and a continuum applies. The values shown in Fig. 2 are for a wide range of values for the electric field in the oxide, from near flat-band to 8 MV/cm approximately. The potential energy in the well and the total electron density resulting from the self-consistent resolution of the Poisson and Schrodinger equations are shown in Fig. 3 for five different values of the band bending in a narrow region near the interface. These data correspond to a sample with the same characteristics as in Fig. 2(a) . It can be observed that the electron density rises slowly from the value which corresponds to the continuum in the bulk (about 1Ou cmd3), but near the interface presents the features characteristic of a 2DEG. The differences obtained by using the quantum model as opposed to the classical model are illustrated in Fig. 4 . Data of this figure correspond to a doping concentration of ND = 1Ol5 cm, T = 300 K, and an oxide thickness of t,, = 37 A. Figure 4(a) shows the surface potential vs gate voltage relationship and Fig. 4(b) shows the capacitance vs gate voltage. In this figure we can also observe that both the classical and quantum models converge near flatband, which can be considered as a validation of our model. As shown in Fig. 4 , quantum effects manifest themselves in two main ways: the band bending is considerably greater and the capacitance is considerably lower than in the classical model. This has practical consequences, since when the classical model is used, the following inaccuracies are produced:
(i) Underestimation of the voltage drop in the semiconductor. This leads to errors in the evaluation of the semiconductor charge vs the gate-voltage relationship. These errors can be particularly significant in modelling the current through the oxide since it is very sensitive to the electric-field value, especially in the case of thin oxides. For thin oxides the underestimation of the voltage drop in the semiconductor leads to a significant overestimation of the oxide field.
(ii) Underestimation of the potential barrier for Fowler-Nordheim tunnelling injection. A first issue with the quantum approach is that the barrier height is not strictly defined: there is a different barrier height for each subband. In addition, the barrier height is not constant but depends on the oxide field. As an example, for a structure with a substratedoping concentration of lOI cmm3, and assuming that the discontinuity of the conduction band at the interface is 3.15 eV, the maximum barrier height (which corresponds to the ground subband) ranges from Q0 = 2.96 eV for E,, = 4.5 MV/cm, to Q0 = 2.79 eV for E,,, = 13 MV/cm.
(iii) Overestimation of the oxide thickness. A large error can be produced when the oxide thickness is evaluated with capacitive techniques, mainly for thin oxides. For instance, if the oxide capacitance is approximated by the capacitance of the sample in accumulation, the error is 13.9% for an oxide thickness of 30 b;, and 6.1% for an oxide thickness of 70 A (with an oxide-electric field of 4 MVjcm). As we know that the semiconductor capacitance is not infinite, and its contribution to the total capacitance is thus not negligible, we can use simulation to obtain the correction we should apply. Nevertheless, if the classical (not quantum) model were used, the correction given by the calculation would be 7.3% in the first case and 3.1% in the second case, and the oxide thickness would still be overestimated.
To show a final application of the model, complete curves of capacitance vs gate voltage at three different temperatures (77, 140 and 300 K) are shown in Fig. 5 . Curves in Fig. 5(a) were obtained with the model presented here, curves in Fig. 5(b) were obtained with the classical model, and curves in Fig. 5(c) are experimental. Although both sets of calculated curves resemble the experimental behavior, the experimental . ;
curves are closer to those calculated with the quantum model. Nevertheless, to achieve this similarity we have to choose r,, = 35.8 6; for the classical model and t, = 33 A for the quantum model, while the value that we would have obtained from experimental curves by assuming that the capacitance in accumulation is equal to the oxide capacitance is t,, = 37 A. Therefore, in addition to all the obvious advantages for understanding the experimental behavior, simulation is a powerful tool for obtaining the oxide thickness in MIS structures.
V. CONCLUSIONS
In summary, a model for analyzing accumulation layers in metal-oxide-semiconductor structures is presented. The model proposes an iterative-Newton procedure for the self-consistent solution of Poisson and Schrodinger equations which takes the classical solution at a starting point. The electron density in the accumulation layer is represented as the union of a 2DEG contained in subbands and a 3DEG which spreads along the structure and coincides with the classical density in the silicon bulk, far from the interface. It has been shown that, in most cases, the 2DEG can be assumed to be contained in three subbands and the continuum can be treated as a non-degenerate gas. Equations for the model have been provided, as well as details about the resolution procedure. The model is formulated generally, which makes it applicable for a wide range of external biases and temperatures.
The model has been applied to a metal-oxidesemiconductor structure with a n-doped silicon substrate. The positions of the subband minima have been shown and the effect of the doping concentration has been discussed. To underline the importance of quantum effects, results of the surface potential and the capacitance vs the gate voltage obtained with this model have been compared with those obtained with the classical model. Both classical and quantum capacitance curves are compared with experimental ones.
